This paper investigates the preference and distribution restrictions that underlie explicit risk-neutral option valuation equations. It establishes new sufficient conditions in terms of utility functions and joint distributions of assets' payoffs and state variables for these models to hold in equilibrium economies where markets are dynamically incomplete. For example, the paper derives the BlackScholes model assuming that there is a representative agent with an exponential utility function of wealth characterized by constant absolute risk aversion (CARA) preferences. Aggregate wealth and the underlying stock price are bivariate normal-lognormal distributed. Both the marginal and the conditional distributions of wealth play relevant roles in obtaining the pricing kernel implicit in the model. This result is interesting because it shows that there is not a straightforward link between the Black-Scholes model and constant proportional risk aversion (CPRA) preferences. The paper also introduces and investigates many other univariate and multivariate option pricing models.
I. Introduction
One of the most important frameworks in financial economics is the Black-Scholes (1973) model for the pricing of options. In Merton's opinion (1973) the model is significant because "an exact formula for an asset price, based on observable variables only is a rare finding...the [Black-Scholes] option price does not depend on the expected return on the common stock, risk preferences of investors, or on the aggregate supplies of assets". In their article, Black and Scholes (1973) assume that investors prefer more wealth to less, but assume nothing about the investors' preferences for risk.
Since its early stages the Black-Scholes model received a great deal of attention from academics and practitioners. 1 One branch of the literature has investigated the investors' attitudes towards risk and, in particular, the type of risk aversion that can sustain the Black-Scholes formulae.
The literature has been almost unanimous in relating a power utility function with the BlackScholes valuation model. Under such utility function, which displays constant proportional risk aversion (CPRA), the percentage invested in risky assets is unchanged as the wealth of the investors increases. Rubinstein (1976) , Breeden and Litzenberger (1978) , Brennan (1979 ), Bhattacharya (1981 , Bick (1987 Bick ( , 1990 , Subrahmanyam (1984, 1990) , He and Leland (1993) , and Ait-Sahalia and Lo (2000) remark that the Black-Scholes model can be obtained in an equilibrium economy, when agents have power utility functions characterized by CPRA and aggregate wealth and the stock price are joint lognormally distributed. Given the role of the Black-Scholes option pricing equation in finance, it is important to study whether is possible to link the model to other types of preferences and joint distributions of state variables and asset payoff. If this is the case, then one should be very cautious about making straightforward connections between the Black-Scholes model and CPRA or any other type of risk-aversion in particular.
In their paper, Black and Scholes (1973) assume that "the stock price follows a [geometric] random walk in continuous time... [and] thus that the distribution of possible stock prices is log-normal". While these authors assume an actual lognormal distribution, the distribution implicit in the option valuation equation is a risk-neutral lognormal distribution. 2 It is well known that the Black-Scholes model misprices options in the marketplace, and that there have been many competitive explanations for these pricing biases. 3 Recently, Rubinstein (1994) , Jackwerth and Rubinstein (1996) , Ait-Sahalia and Lo (2000) , Jackwerth (2000) , and others have suggested that preferences could be an important cause of mispricing in the S&P500 index options market. 4 For example, Jackwerth (2000) refers that "during the precrash period both the risk-neutral and the actual distributions look about lognormal...we know that in this case a power utility function of moderate risk aversion is likely to provide a reasonable risk aversion adjustment for translating one distribution into the other... If we conclude that the risk-neutral distribution changed in shape around the crash and that the actual distributions did not, then we could conclude that the...risk aversion functions changed, too, around the crash". Another example is provided by Ait-Sahalia and Lo (2000) who highlight that " [the] phenomenon [under study] cannot be captured by CPRA preferences, providing yet another characterization of the differences between market prices and the Black-Scholes model". Thus the question arises: how can we conclude that preferences are responsible for mispricing if different option pricing models hold with the same utility function or if a given option pricing model holds with different utility functions? Ait-Sahalia and Lo (2000) conjecture that "the Black-Scholes model [under other assumptions] could be supported by preferences other than CPRA". The theory derived by suggests that the Black-Scholes model holds when wealth and the stock price have a bivariate transformed normal-lognormal distribution and risk preferences have an exponential representation. In particular, exemplifies his results deriving the Black-Scholes model with a bivariate negatively skew lognormal-lognormal distribution when preferences display increasing absolute risk aversion (IARA) and with a bivariate S U -lognormal distribution when preferences display increasing proportional risk aversion (IPRA). That paper is similar to our Section V, in the sense that they both deal with bivariate transformed-normal distributions of aggregate wealth and stock price, a class of distributions that contains many special cases. We present a different special case of this family of distributions using the bivariate normal-lognormal distribution set up by Yuan (1933) , and obtain the Black-Scholes model with constant absolute risk aversion (CARA) preferences. With this bivariate normal-lognormal distribution, we also obtain the Brennan (1979) model under constant proportional risk aversion (CPRA) preferences. 5 In this paper, we derive explicit equations for risk-neutral option pricing using a generalized exponential family of utility functions and multivariate transformed-normal distributions for state variables and assets' payoffs. This extends the bivariate transformed-normal case studied by . We present more general results which go beyond the bivariate setting of and allow for multivariate state variables and multivariate payoffs. Our family of risk-preferences includes many utility functions of both types separable and nonseparable in wealth.
From this point of view, our theory is interesting because we can deal with habit formation. We derive a given option pricing equation, say, the Black-Scholes model with separable and nonseparable preferences, and show that such result depends on the joint distributions between state variables and asset payoffs. Moreover, we derive many different explicit risk-neutral option pricing equations with the same preferences and alternative joint distributions of state variables and assets' payoffs.
From the point of view of the joint transformed-normal distribution, our theory is relevant because it implies that all state variables and assets' payoffs might belong to different families of marginal distributions. Empirical evidence seems to suggest both that such variables are jointly distributed and that their marginal distributions belong to different families of distributions; (the review by Hull (2003) on distributions and volatility smiles is useful to demonstrate our point).
Previous multivariate option pricing theory has mainly assumed joint lognormality which implies that all marginal distributions are lognormal.
The paper is organized as follows. Section II presents the assumptions of the paper. Section III derives conditions for the pricing kernels. Section IV obtains explicit risk-neutral option pricing models. Section V specializes the theory using a bivariate distribution. Section VI specializes the theory with a trivariate distribution. Section VII concludes.
II. Assumptions on preferences and distributions
This paper assumes that the representative agent has an utility function of the generalizedexponential (GE) family. We set up and work with the following definition of preferences: 
where α is a vector of preference parameters, x 1 is a vector of state variables, and g v is a vector of strictly monotonic and continuously differentiable mappings. The members of this class satisfy U w (x 1 ) > 0 and U ww (x 1 ) < 0, denoting nonsatiation and risk aversion.
All members of the GE class of marginal utility functions of wealth can be expressed as explicit functions of multiple state variables as in equation (1). 6 This is a very rich family, in the sense that by suitable specification of the functions, state variables, and preference parameters one has a countably infinite set of nonseparable marginal utility functions of wealth and separable marginal utility functions of wealth. Among the nonseparable marginal utility functions of wealth that belong to the GE class we have, for example, all the equations of habit formation reviewed by Campbell, Lo, and MacKinlay (1997, pp.326-332) . Among the separable marginal utility functions of wealth that belong to the GE family we have, for example, all the utility functions of the HARA class.
The GE class does not include those marginal utility functions of wealth that can not be expressed as explicit functions of the state variables. 7
In this paper, we set up and work with joint transformed-normal distributions. A random vec-tor X = (X 1 , ..., X n ) is said to be n-dimensional transformed-normally distributed with location vector µ and scale matrix Σ if (U 1 , ..., U n ) = (g 1 (X 1 ), ..., g n (X n )) is n-dimensional normally distributed with mean vector µ and variance-covariance matrix Σ = (σ ij ), i, j = 1, ..., n with σ ij = σ ji and σ ii = σ 2 i . The n-dimensional transformed-normal distribution is denoted by Ω n g; µ, Σ .
The corresponding n-dimensional normal distribution is denoted by N n µ, Σ . The next definition presents formally the probability density function (pdf) of X = (X 1 , ..., X n ) having Ω n g; µ, Σ .
Definition 2. (The density of the actual multivariate transformed-normal distribution) The probability density function of X = (X 1 , ..., X n ) having Ω n g; µ, Σ is given by:
where g i , i = 1, ..., n, are strictly monotonic differentiable functions, x ∈ g −1 (R), and | Σ | is the determinant of the scale matrix Σ.
The multivariate transformed-normal distribution is also a very rich family, in the sense that by suitable specification of the functions g i , i = 1, ..., n, one has a countably infinite set of multivariate distributions. Some special cases of this definition, when all the components of the vector g are identical, are very well known. For example, when g(x) = ln(x) we have the multivariate lognormal.
In general, however, since g = (g 1 , ..., g n ) , we might have n different mappings g i , i = 1, ..., n, in a given n-dimensional transformed-normal distribution. In this paper, we have a particular interest in cases where these mappings are different. The definition of the probability density function of the joint transformed-normal distribution is original. 8 We work with the marginal and conditional distributions of the multivariate transformednormal distributions. Let X ∼ Ω n g; µ, Σ . Partition X, g, µ, and Σ as:
where X 1 , g 1 , µ 1 are p x 1, X 2 , g 2 , µ 2 are q x 1, Σ 1 is p x p, Σ 12 is p x q, Σ 21 is q x p, and Σ 2 is q x q (so that p+q=n). Let, for future reference, g 1 = (g 1 , ..., g p ) and g 2 = (g p+1 , ..., g n ) .
General distributional assumption. Let X 1 be the vector of state variables and X 2 be the vector of assets' payoffs. Assume that state variables and assets' payoffs are multivariate transformed-normal distributed, Ω n g; µ, Σ , with joint probability density function given by equation (2) .
This assumption has three relevant distributional implications for option pricing. 9 First, the marginal distribution of the state variables is a p-dimensional transformed-normal. That is, X 1 ∼ Ω p g 1 ; µ 1 , 1 . Second, the marginal distribution of the asset payoffs is a q-dimensional transformednormal. That is, X 2 ∼ Ω q g 2 ; µ 2 , 2 . Third, the conditional distribution of the state variables is a p-dimensional transformed-normal. That is,
.
We derive the pricing kernel in closed form by linking the marginal and the conditional distributions of the state variables to the GE marginal utility function of wealth. We are able to obtain the pricing kernel in closed form rather than numerically, because both the marginal and the conditional distributions of the state variables belong to the same family of p-dimensional transformed-normal distributions. That is, Ω p (g 1 ; (·, ·)). Moreover, we obtain such result because we assume that the vector implicit in the transformed-normal densities g 1 matches the vector of mappings implicit in the marginal utility function of wealth g v . This assumption implies that the marginal utility function of wealth is always positive, and therefore precludes negative marginal utilities. 10 Important properties of this pricing kernel are that it has a generalized-exponential form and a univariate lognormal distribution. These imply that there are no arbitrage opportunities in the pricing system. Later in this paper, with the help of a technical assumption, we obtain explicit valuation equations for risk-neutral option prices by linking that pricing kernel with the marginal distribution of the assets' payoffs.
Probably the most important fact about the multivariate transformed-normal is that for any subvectors i, j the marginal distribution of X i and the conditional distribution of X i | X j belong to the same family of transformed-normal distributions. This implies that a specific n−dimensional transformed-normal distribution Ω n (g; (µ, Σ)) works in
That is, a specific n−dimensional transformed-normal distribution might be linked to
utility functions of the GE family and yield n−1 i=1 C n i different pricing kernels and
explicit arbitrary option pricing equations. Here C n i is the number of marginal utility functions of wealth (pricing kernels and explicit risk-neutral option pricing models) that depend on i state variables (assets' payoffs), and that can be obtained from a n−dimensional transformed-normal distribution. 11 We also say that two option pricing models are different if they have different distributions implicit. In particular specific bivariate, trivariate, 4-variate, 5-variate transformednormal distributions are linked, respectively, to 2, 6, 14, and 30 different utility functions of the GE family and yield the same number of different pricing kernels and different explicit arbitrary option pricing equations. All these pricing kernels and option pricing models are specializations of our generalized-exponential pricing kernel and general explicit option pricing model. Then all these pricing models share some common characteristics. This is important because we include a wide variety of relevant members within our preference and distributional classes, and emphasize the special pricing properties that apply to all members of the class.
The theory of distributions does not claim that, for an arbitrary joint distribution of state variables and asset payoffs, both the marginal and the conditional distributions of the state variables belong to the same family of distributions. Hence, for arbitrary joint distributions, the pricing kernel has neither a generalized-exponential closed form nor has it a univariate lognormal distribution.
However, for the class of joint transformed-normal distributions these properties are also necessary conditions for the results obtained in this paper to hold. To prove this result we need the following definition:
Definition 3. (The risk-neutral multivariate transformed-normal density) If the actual transformed-normal density of the assets' payoffs is
To explore the intuition underlying definition 3, note that the modified parameter of the density is chosen in such a manner that the risk-neutral principle holds. The function
is a multivariate density involving a shift in the location vector of the distribution such that preference parameters are not involved in the valuation equations of the contingent claims, and the expected return of any asset, under this density, is the riskless return. Here, φ 2 = (φ p+1 , ..., φ n ) is a vector of mappings, and Θ = (Θ p+1 , ..., Θ n ) is a vector of sets of preference-free parameters. We highlight that the components of these two vectors depend on the specific univariate marginal distribution of the asset payoff meaning that if there are q underlying assets we might have q different functions φ i and q different sets Θ i for i = p + 1, ..., n.
III. Pricing kernels
This section studies the pricing kernel when assets' payoffs are multivariate transformednormal distributed. The first proposition obtains the form and the distribution that the pricing kernel must have when assets' payoffs are multivariate transformed-normal distributed, by assuming that it is possible to price assets using risk neutral principles.
Proposition 1. (Necessary conditions for the pricing kernel) A necessary condition
for risk-neutrality when assets' payoffs are multivariate transformed-normal distributed is that the pricing kernel has a generalized-exponential form:
The pricing kernel has a univariate lognormal distribution.
Proof: See Appendix B.
Equation (3) is obtained by equating the expected assets' payoffs under the risk-neutral multivariate transformed-normal distribution to the expectation of the product of the assets' payoffs with the pricing kernel where this last expectation is taken with respect to the actual multivariate transformed-normal distribution. This necessary condition is independent of the joint distribution of the state variables and assets' payoffs. By other words, whatever the joint distribution between assets' payoffs and state variables is, the pricing kernel must have a generalized exponential form and a univariate lognormal distribution when we price assets using risk-neutral principles in a world where assets' payoffs have an actual multivariate transformed-normal distribution. Within our class of distributions, whatever the specific distribution of the asset payoffs is, the distribution of the pricing kernel always needs to be a univariate lognormal. On the other hand, the form of the pricing kernel is a very general requirement, in the sense that by specification of the function g 2 it is possible to require a pricing kernel with many different forms. We now move to the sufficient conditions by linking preferences and joint distributions of state variables and assets' payoffs.
We assume that markets open at the beginning and end of the economy, and that there is no trade between these two dates. In such economy, the pricing kernel is given by: 12
where x (1) with g v = g 1 . Then the pricing kernel defined by equation (4) has a generalizedexponential closed form:
The pricing kernel Z(X 2 ) has a univariate lognormal distribution:
This proposition evaluates the pricing kernel (4) by assuming that the general distributional assumption holds and preferences are represented by a GE marginal utility function of wealth. We derive a closed form solution for the pricing kernel in equation (5) since we obtain both the expected marginal utility function of wealth and the expected conditional marginal utility function of wealth in closed form. The first moment of the marginal distribution of the state variables might depend on integrals, and does not need to be given in closed form. The pricing kernel given by equation (5) depends on the payoffs of the underlying assets.
There are other four issues that we should highlight from Proposition 2. First, we allow the
.., g p ) and g 2 = (g p+1 , ..., g n ) to have some or all of their components different.
This implies that the marginal distributions underlying the joint distribution might belong to different families of distributions. This is significant because in the real world we can reasonably expect to find different assets and state variables to have different distributions. Second, the pricing kernel given by equation (5) depends on a vector of preference parameters. This shows that underlying this pricing kernel there is a representative agent with either a nonseparable or separable utility function of wealth. Third, we see that the generalized-exponential form of the pricing kernel is a very general family of forms, since by suitable specification of the mappings (g p+1 , ..., g n ) we are able to obtain many different specific forms for the pricing kernel. Fourth, the form of the pricing kernel does not change whenever we change the distribution of the state variables, provided g v matches g 1 which implies a lognormally distributed marginal utility function. It is well known that the expectation of a lognormal random variable is given in closed form, which explains why the pricing kernel (5) also has a closed form.
This section showed that we could link a specific n−dimensional transformed-normal distribution to the family of the GE marginal utility functions in order to obtain n−1 i=1 C n i pricing kernels.
We also discussed the common properties of these pricing functions. Each pricing kernel depends on a different random vector of assets' payoffs. The next section uses these pricing kernels to derive explicit risk neutral option pricing equations.
IV. Arbitrary derivatives valuation
This section derives new sufficient conditions for the valuation of options in equilibrium. An option or derivative is any claim that depends on the terminal payoff of the underlying assets.
There is no dynamic trading, and the replication of payoffs is not possible. Hence markets are dynamically incomplete. There is a representative agent economy, where the prices of arbitrary derivatives are given by:
where c(x 2 ) is a vector of the options payoffs, z(x 2 ) is the pricing kernel, and r is one plus the interest rate.
The next proposition uses the general distributional assumption and the generalized-exponential class of utility functions to derive explicit risk-neutral pricing equations for arbitrary derivatives. (1) with g v = g 1 . Then the price of an option is given by the following explicit risk-neutral pricing equation:
...
where | 2 | is the determinant of the scale matrix 2 , and φ 2 (Θ) is a q x 1 preference-free location vector.
The explicit risk-neutral option pricing equation (8) is obtained in three steps. First, by evaluating a special case of equation (7) when the derivatives are the underlying assets, we obtain the equilibrium value of the underlying assets which depends on a vector of preference parameters.
Second, by evaluating equation (7) , we obtain the equilibrium value of an arbitrary derivative which depends on the same vector of preference parameters. Finally, we use the equilibrium valuation equation of the underlying assets in the equilibrium valuation equation of the option to eliminate the preference vector from the option price. The resulting formula (8) is a family of valuation equations that do not depend on preferences, and have implicit an expected return equal to the riskless return. Then, proposition 3 shows that while the prices of the underlying assets have an actual multivariate transformed-normal distribution with pdf f P (g 2 ; x 2 , µ 2 , Σ 2 ), the distribution that affects option prices is the risk-neutral multivariate transformed-normal distribution with pdf
The price of an arbitrary option (8) is the expected option payoff, where the expectation is taken with respect to the risk-neutral multivariate transformed-normal distribution, discounted at the riskless return.
The location vector φ 2 (Θ) of the risk-neutral transformed-normal distribution is derived when we express the vector of preference parameters of the equilibrium price of the underlying assets as a function of other variables. This proposition assumes that there are closed form expressions for all the components of the mean vector of the random payoff of the underlying assets to obtain such analytical expression for the location vector. Otherwise, we would obtain numerical risk-neutral option pricing rather than the analytical risk-neutral expression (8) . This equation has many special cases which are obtained by specifying the payoff of the option and the pdf of the risk-neutral multivariate transformed-normal distribution of the underlying assets. The marginal distributions of the multivariate transformed-normal might belong to different families of distributions. Note also that the option pricing equation (8) does not change if we change the transformed-normal distribution of the state variables from one family to another, provided we still have g v = g 1 implying that we maintain a positive marginal utility function.
We can see that a specific n-dimensional risk-neutral transformed-normal distribution leads up to n−1 i=1 C n i different option pricing models. These option pricing models can be obtained with up to
C n i different utility functions of the GE family. That is, in our setting, we can have different utility functions sustaining a given option pricing model, and a given utility function sustaining different option pricing models.
V. Special cases I: bivariate distributions
This section exemplifies the theory derived in previous sections with a member of the fam-
The family of bivariate transformed-normal distributions was also analysed by . 13 However, we use a different specific bivariate distribution of this family of bivariate transformednormal distributions, the bivariate normal-lognormal distribution, and highlight that such bivariate distribution might be linked to two different utility functions and yields two different option pricing equations.
The bivariate normal-lognormal distribution
). 14 Here we assume that the random variables (X 1 , X 2 ) have a bivari-ate normal-lognormal distribution with pdf given by:
for −∞ < x 1 < ∞, 0 < x 2 < ∞, where σ 1 , σ 2 , µ 1 , µ 2 , and ρ are constants such that −1 < ρ < 1,
The specialization of the option pricing theory derived in the previous sections has two parts, depending on the roles of X 1 and X 2 . The first part rests on the following assumption:
Distributional assumption A1. Let X 1 = X 1 be aggregate wealth and X 2 = X 2 be the asset payoff. Then aggregate wealth and the underlying asset value are bivariate normal-lognormal distributed with joint density given by equation (9).
This assumption A1 has three relevant distributional implications for option pricing. First, the marginal distribution of wealth is a univariate normal. That is, X 1 ∼ N 1 (µ 1 , σ 2 1 ). Second, the conditional distribution of wealth is a univariate normal. That is,
. Third, the marginal distribution of the underlying asset value is a univariate lognormal. That is,
The special case of proposition 1 when X 2 ∼ Λ 1 (µ 2 , σ 2 2 ) is well known. Brennan (1979) shows that a necessary condition for the Black-Scholes model to hold is that the pricing kernel is a power function of the underlying asset payoff. 15
Propositions 2 and 3, under the distributional assumption A1, require a GE marginal utility function with g v (·) = g 1 (·) = X 1 . Then equation (1) yields the well known case of the negativeexponential marginal utility function:
where α 1 < 0. The utility function displays constant absolute risk aversion (CARA).
The specialization of proposition 2 uses the negative-exponential marginal utility function (10) and the marginal and the conditional distributions of wealth which are both normal. This set of preferences and distributions generates a pricing kernel with a power form:
where:
This result means that the pricing kernel given by equation (11) satisfies the necessary conditions for the Black-Scholes model to hold.
The specialization of proposition 3 uses the pricing kernel (11) and the marginal distribution of the asset which is lognormal. This pair yields the Black-Scholes (1973) pricing equations.
The vectors X 1 and X 2 represent, respectively, the state variables and assets' payoffs as defined in the general distributional assumption. Throughout this article, these vectors have always the same economic content, independently of the marginal distributions of their components. The marginal distributions of the components of the vectors change when we change the partition of the joint distribution of the state variables and assets' payoffs. In this section the univariate random variables X 2 and X 1 have lognormal and normal marginal distributions, respectively. Hence, in order to apply directly the results of the previous sections when wealth is lognormally distributed and the asset payoff is normally distributed, we need the following distributional assumption. 16
Distributional assumption A2. Let X 1 = X 2 be aggregate wealth and X 2 = X 1 be the asset payoff. Then aggregate wealth and the underlying asset value are bivariate lognormal-normal distributed with joint density given by equation (9) .
This assumption has three relevant distributional implications for option pricing. First, the marginal distribution of wealth is a univariate lognormal. That is, X 2 ∼ Λ 1 (µ 2 , σ 2 2 ). Second, the conditional distribution of wealth is a univariate lognormal. That is,
. Third, the marginal distribution of the underlying asset is a univariate normal.
That is,
The special case of proposition 1 when X 1 ∼ N 1 (µ 1 , σ 2 1 ) is also known. Brennan (1979) shows that a necessary condition for risk neutral option pricing when the asset has a normal distribution is that the pricing kernel is an exponential function of the underlying asset payoff.
Propositions 2 and 3, under the distributional assumption A2, require a GE marginal utility function with g v (·) = g 1 (·) = ln(X 2 ). Then equation (1) yields the well known case of the power marginal utility function:
where α 2 < 0. The utility function displays constant proportional risk aversion (CPRA).
The specialization of proposition 2 uses the power marginal utility function (12) and the marginal and the conditional distributions of wealth which are both lognormal. This set of preferences and distributions generates a pricing kernel with an exponential form:
This result means that the pricing kernel given by equation (13) satisfies the necessary conditions for the normal option pricing model of Brennan (1979) to hold.
The specialization of proposition 3 uses the pricing kernel (13) and the marginal distribution of the asset which is normal. This pair yields the Brennan (1979) 
VI. Special cases II: trivariate distributions
This section exemplifies the theory derived in previous sections with a trivariate normallognormal-coshnormal distribution:
which is a special case of a trivariate transformed-normal distribution when (
) with −∞ < x 1 < ∞, 0 < x 2 < ∞, and 1 < x 3 < ∞.
Any trivariate transformed-normal distribution and, in particular, the trivariate normal-lognormalcoshnormal works in six different ways. Each of these six cases is based on a different partition of the trivariate distribution between the state variables and the assets' payoffs. There is a set of three cases where the marginal utility functions are nonseparable in wealth and the option is written on a single asset, and another set of three cases where the marginal utility functions are separable in wealth and the option is written on two correlated assets. We can easily verify these results since that, for any trivariate distribution, we have n = 3 and then C 3 1 = C 3 2 = 3.
The three cases of the first group differ among themselves because they deal with a representative agent that has either (i) a nonseparable marginal utility function of wealth that displays CARA or CPRA and the option is written on an asset that has a coshnormal distribution or (ii) a nonseparable marginal utility function of wealth that displays CARA or decreasing proportional risk aversion (DPRA) and the option is written on an asset that has a lognormal distribution or (iii) a nonseparable marginal utility function of wealth that displays CPRA or DPRA and the option is written on an asset that has a normal distribution. We will present in detail the first case of this first group. The three cases of the second group differ among themselves because they deal with a representative agent that has either (i) a separable marginal utility function of wealth that displays CARA and the option is written on two correlated assets that have a bivariate lognormalcoshnormal distribution or (ii) a separable marginal utility function of wealth that displays CPRA and the option is written on two correlated assets that have a bivariate normal-coshnormal distribution or (iii) a separable marginal utility function of wealth that displays DPRA and the option is written on two correlated assets that have a bivariate lognormal-normal distribution.
These results are interesting because they exemplify our n−dimensional transformed-normal theory, by showing specific sufficient conditions to price derivatives in incomplete markets when there are three variables involved. The first set of cases is relevant when the utility function of wealth is nonseparable of some other good, for example, leisure, and we want to price options written on a single asset, for example, a stock. The second set of cases is relevant when the utility function of wealth is separable, but we want to price options written on two underlying variables, like a stock and a currency, that have different distributions. These results also help us to show that there is not a one-to-one relationship between preferences and option prices. For example, they show that the Black-Scholes model might hold with nonseparable preferences in wealth. They also show that it is possible to price an option on two correlated assets that do not have lognormal distributions with a representative agent whose preferences display CPRA. We highlight that these results depend on the joint distribution between state variables and asset's payoffs. The remaining part of this section derives the first case in detail. The results for all six cases of the trivariate normal-lognormal-coshnormal are summarized in Table 1 .
Distributional assumption B1. Let X 1 = (X 1 , X 2 ) be the state variables and X 2 = X 3 be the asset payoff. Then the state variables and the underlying asset value have a trivariate normallognormal-coshnormal distribution denoted by formula (14).
This assumption has three relevant distributional implications for option pricing. First, the marginal distribution of the asset payoff is a univariate coshnormal. That is,
Second, the marginal distribution of the state variables is a bivariate normal-lognormal. That
). Third, the conditional distribution of the state variables is a bivariate normal-lognormal. That is, the distribution of (X 1 , X 2 ) | X 3 is denoted by:
First, we specialize proposition 1. A necessary condition for risk-neutral option pricing if the asset payoff is coshnormal is that the pricing kernel has the following form:
where b 1 and b 2 are constants.
Propositions 2 and 3, under the distributional assumption B1, require a GE marginal utility function with g v (·) = g 1 (·) = (X 1 , ln(X 2 )) . Then equation (1) yields the following nonseparable marginal utility function of wealth:
The specialization of proposition 2 uses this marginal utility function and the marginal and the conditional distributions of the state variables which are both bivariate normal-lognormal. This set of preferences and distributions generates a pricing kernel with the following form:
This pricing kernel satisfies the necessary conditions for risk-neutral option pricing when the asset payoff is coshnormal. The specialization of proposition 3 uses the pricing kernel (17) and the marginal distribution of the asset which is a univariate coshnormal. The prices of call and put options are given by the following equations:
3 , S 0,3 is the current asset price, K is the exercise price, and N (·) is the cumulative distribution function of a standard normal random variable.
The coshnormal option pricing equations give rise to implied volatility smiles or sneers. Figure   1 shows a typical volatility smile generated by equations (18) and (19) with S 0,3 = 100 and r = 1.1. This implied volatility smile is generated, holding the risk-neutral mean and the risk-neutral variance constant, assuming that the Black-Scholes volatility is 20 percent. Then coshnormal option prices have a scale parameter σ 3 = 10.05 percent. The figure shows that for the coshnormal option pricing model, the implied volatility is an increasing function of the option strike price.
This section derived six different option pricing equations by linking a trivariate normallognormal-coshnormal distribution with six marginal utility functions of the GE family. Any other trivariate transformed-normal could be used to exemplify our theory. Moreover, we could extend our examples to higher order transformed-normal distributions.
VII. Conclusions
In this paper, we show that the family of n-dimensional transformed-normal distributions can be connected to the generalized exponential class of utility functions to generate explicit risk-neutral option pricing models. We show that a specific member of that family of distributions might be linked to many different utility functions and might yield many different explicit risk-neutral option valuation equations.
The paper also shows that the family of transformed-normal distributions has an infinite number of members able to generate a single explicit risk-neutral option pricing model. For example, we can find any desirable number of specific bivariate transformed-normal distributions that yields, say, the Black-Scholes formula. In general, we can find any desirable number of specific n-dimensional transformed-normal distributions that yields this formula. We obtain this option pricing model when the marginal distribution of the stock price is lognormal as long as the marginal and the conditional distributions of the state variables belong to the same family of transformed-normals which we link to a "compatible" utility function in a way that avoids arbitrage opportunities to arise in the economy. The paper generalizes this result for many other univariate and multivariate explicit risk-neutral option pricing models. The underlying assets of these multivariate option pricing models might all have marginal distributions of different families of distributions.
Appendix A
This appendix introduces the probability density function of a bivariate transformed-normal distribution. We also derive the marginal and the conditional distributions. Then we extend the results for multivariate transformed-normal distributions.
Definition A1 Let the two-dimensional random variable (X,Y) have the joint probability density function:
where g x , g y are strictly monotonic differentiable functions,
µ y , and ρ are constants such that −1 < ρ < 1, 0 < σ x , 0 < σ y , −∞ < µ x < ∞, and −∞ < µ y < ∞.
Then the random variable is defined to have a bivariate transformed-normal distribution, and we
Lemma A1. If (X, Y ) has a bivariate transformed-normal distribution with joint density function given by equation (20), then the marginal distribution of X is a univariate transformed-
Lemma A2. If (X, Y ) has a bivariate transformed-normal distribution with joint density function given by equation (20), then the marginal distribution of Y is a univariate transformednormal distribution denoted by Ω 1 (g y (y); (µ y , σ y )).
Lemma A3. If (X,Y) has a bivariate transformed-normal distribution with joint density function given by equation (20), then the conditional distribution of Y given X = x is a univariate transformed-normal denoted by:
Lemma A4. If (X,Y) has a bivariate transformed-normal distribution with joint density function given by equation (20), then the conditional distribution of X given Y = y is a univariate transformed-normal denoted by:
Lemma A5. Let X be a n-variate transformed-normal distribution with joint density function given by equation (2) . Partition X, g, µ, and Σ as in page 6, and let X 1 be any subset of variables including a single variable and X 2 be the remaining subset of variables. Then:
(ii) the marginal distribution of X 2 is a q-dimensional transformed-normal. That is,
(iii) the conditional distribution X 1 | X 2 is a p-dimensional transformed-normal. That is,
Appendix B
Proof of proposition 1: Suppose that the pdf implicit in option prices is f Q (g 2 ;
when the actual pdf of asset payoffs is f P (g 2 ; x 2 , µ 2 , 2 ). Then there is risk-neutrality:
where z(x 2 ) is the pricing kernel. Substituting the densities in equation (21), and simplifying, yields:
This expression can be rewritten as:
We obtain equation (3) after simplifying this expression. From equation (3), we can see that z(s) has a univariate lognormal density with:
which concludes the proof. 2
Proof of proposition 2: Suppose that the general distributional assumption holds. Then, the marginal distribution of X 1 is a p-dimensional transformed-normal. That is,
Hence, g 1 (X 1 ) has a p-dimensional normal distribution. That is,
Suppose also that the marginal utility function of wealth is given by equation (1) with g v = g 1 .
Using both the marginal utility function and the distribution of g 1 (X 1 ), we can see that the logarithm of the marginal utility function has a univariate normal distribution. That is,
Hence, the marginal utility function of wealth has a univariate lognormal distribution:
Taking the expectation of the marginal utility function of wealth yields:
Since the general distributional assumption holds then, the conditional distribution of the state variables is a p-dimensional transformed-normal. That is,
Hence, g 1 (X 1 ) | X 2 has a p-dimensional normal distribution. That is,
Using the conditional distribution g p (X 1 ) | X 2 and the marginal utility function given by equation (1) with g v = g 1 , we can see that the logarithm of the conditional marginal utility function has a univariate normal distribution. That is,
Hence, the conditional marginal utility function of wealth has a univariate lognormal distribution:
Taking the expectation of the conditional marginal utility function yields:
Using equations (30) and (35) in equation (4) yields the pricing kernel (5). Since g 2 (X 2 ) has a q-dimensional normal distribution, we see that the pricing kernel has a univariate lognormal distribution as in (6) . 2 Proof of proposition 3: Suppose that the general distributional assumption holds. Then, the marginal distribution of the assets' payoffs is a q-dimensional transformed-normal. In particular, the pdf of X 2 having Ω q g 2 ; µ 2 , 2 is given by:
where g i , i = p + 1, ..., n are q strictly monotonic differentiable functions, x 2 ∈ g −1
2
(R), | 2 | is the determinant of the scale matrix 2 , and µ 2 is the location vector.
The equilibrium prices of the underlying assets are given as a special case of (7). Let S 0 be the vector of current prices of the underlying assets. Then: ... x 2 z(x p+1 , ..., x n )f (x p+1 , ..., x n )dx p+1 ...dx n .
Substituting both the pricing kernel z(x 2 ) from equation (5) and the pdf of the assets' payoffs from equation (36) into equation (37) yields, after simplification, the following relation:
... 
where φ 2 represents a q x 1 vector of mappings and Θ is a q x 1 vector of sets of preference-free parameters. The equilibrium value of an option is given from equation (7) by:
... c(x p+1 , ..., x n )z(x p+1 , ..., x n )f (x p+1 , ..., x n )dx p+1 ...dx n .
To evaluate this expression, the pricing kernel (5) and the marginal density of assets' payoffs (36) are both substituted into equation (40), yielding after simplification the following result:
... Substituting equation (39) into equation (41) to eliminate preference-parameters from the equilibrium option price yields equation (8) . 2 10. If we allow the vector g 1 to be different from the vector g v , we could have an inconsistent model. In a single state model, for example, consistency implies that a variable normally distributed excludes the power utility. That is, distributions where g 1 (·) = X exclude utility functions with g v (·) = ln(X). Otherwise, the marginal utility could be negative which would be inconsistent with our economies.
11. C n i = n! (n−i)!i! represents the number of possible combinations of n objects taken i at a time.
12. This pricing kernel is an extension of the pricing kernel derived, for example, by Stapleton and Subrahmanyam (1984) and Bick (1990) , who assume a single state variable. Our economies are consistent with multiple state variables.
13. used the following members of the family of bivariate transformed-normal distributions: the bivariate negatively skew lognormal-lognormal distribution, the bivariate S Ulognormal distribution, the bivariate displaced lognormal-normal distribution, the bivariate S Udisplaced lognormal distribution, and the bivariate normal-negatively skew lognormal distribution.
14. The bivariate normal-lognormal distribution was first set up by Yuan (1933) . Note that the arguments inside the formula of the distribution are parameters, but not necessarily moments. In particular, ρ is a relation parameter and not necessarily the coefficient of correlation. The coefficient of correlation might be obtained after evaluation of the covariance and standard deviations.
15. See also Heston (1993) .
16. As previously remarked, a given n−dimensional transformed-normal distribution works in n−1 i=1 C n i different ways. The components of the vectors X 1 and X 2 change with these cases. Each of these n−1 i=1 C n i cases is based on a different partition of the n−dimensional transformed-normal distribution between the state variables and the assets' payoffs. 
